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Abstract. The fundamental Davis-Januszkiewicz construction of toric manifolds is
reinterpreted in order to allow for generalization. Applications involve the simplicial
wedge J-construction and Ayzenberg’s recent identities arising from composed simpli-
cial complexes.
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1. Introduction
The topological approach to non-singular toric varieties requires two ingredients:
(1) a simple polytope P n of dimension n having a set F of m facets and
(2) a characteristic function λ : F −→ Zn which assigns an integer vector to each facet
of the simple polytope P n.
The latter can be considered as an (n × m)-matrix λ : Zm −→ Zn with integer entries
and columns indexed by the facets of P n. A regularity condition, which ensures the
smoothness of the toric manifold, requires all n × n minors of λ corresponding to the
vertices of P n to be +1 or −1.
Associated to the pair (P n, λ), Davis and Januszkiewicz [6], constructed two spaces:
L = Tm × P n/∼
and a toric manifold
M2n = T n × P n/∼λ .
The properties of the spaces L have been studied extensively via an alternative general
construction developed by Buchstaber and Panov [5], who gave them the name “moment-
angle complexes”
L = Tm × P n/∼ ∼= Z(KP ; (D2, S1)).
In the notation used here, KP represents the simplicial complex dual to the boundary of
a simple polytope P n. From this point of view, the toric manifold M2n is recovered as
the quotient Z(KP ; (D
2, S1))
/
kerλ.
The main results presented in authors’ earlier work [4], arise from a construction on
a simplicial complex KP having m vertices. For each sequence J = (j1, j2, . . . , jm) of
positive integers, a new simplicial complex KP (J) is constructed,
KP  KP (J).
Also, associated to P n is another simple polytope P (J) and KP (J) = KP (J). Everything
fits together in such a way that, from the toric manifold (P n, λ,M2n), it is possible to
construct another toric manifold
(
P (J), λ(J),M(J)
)
. In the context of moment-angle
complexes and polyhedral products ([3]), it is shown in [4] that there is a diffeomorphism
of orbit spaces
Z(KP ; (D
2J , S2J−1))
/
kerλ −→ Z(KP (J); (D2, S1)))/ker λ(J)
which defines M(J). Here, the left hand side uses the notation of a polyhedral product,
(generalized moment-angle complex), associated to the family of pairs
(D2J , S2J−1) =
{
(D2ji , S2ji)
}m
i=1
.
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These ideas are elaborated upon in Section 5. The right hand side involves an ordi-
nary moment-angle complex and fits in with the formalism of Davis–Januszkiewicz and
Buchstaber–Panov. A natural question arises about the left hand side which involves the
combinatorics of the smaller simplicial complex KP : where is this visible in the standard
Davis–Januszkiewicz construction of toric manifolds? One of the primary goals here is to
answer this question.
The details of the Davis–Januszkiewicz construction are reviewed in Section 2 and the
modifications necessary to generalize the construction are described in Section 3. The
modified construction is interpreted in terms of polyhedral products in Section 4 and the
answer to the question posed above is presented in Section 5. Additional applications
involving the “composed complex” constructions of A. Ayzenberg [1], are discussed in
Sections 6 and 7.
Acknowledgments. The first author was supported in part by a Rider University Sum-
mer Research Fellowship and grant number 210386 from the Simons Foundation; the third
author was supported partially by DARPA grant number 2006-06918-01.
2. A review of the Davis-Januszkiewicz construction
A toric manifold M2n is a manifold covered by local charts Cn, each with the standard
action of a real n-dimensional torus T n, compatible in such a way that the quotient
M2n
/
T n has the structure of a simple polytope P n. Here, “simple” means that P n has
the property that at each vertex, exactly n facets intersect. Under the T n action, each
copy of Cn must project to an Rn+ neighborhood of a vertex of P n. The fundamental
construction of Davis and Januszkiewicz [6, Section 1.5] is described briefly below. It
realizes all toric manifolds and, in particular, all smooth projective toric varieties. Let
F = {F1, F2, . . . , Fm}
denote the set of facets of P n. The fact that P n is simple implies that every codimension-l
face F can be written uniquely as
F = Fi1 ∩ Fi2 ∩ · · · ∩ Fil
where the Fij are the facets containing F . Let
(2.1) λ : F −→ Zn
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be a function into an n-dimensional integer lattice satisfying the regularity condition that
whenever F = Fi1 ∩ Fi2 ∩ · · · ∩ Fil then {λ(Fi1), λ(Fi2), . . . , λ(Fil)} span an l-dimensional
submodule of Zn which is a direct summand. Such a map is called a characteristic
function associated to P n. Next, regarding Rn as the Lie algebra of T n, the map λ is used
to associate to each codimension-l face F of P n a rank-l subgroup GF ⊂ T n. Specifically,
writing
λ(Fij) = (λ1ij , λ2ij , . . . , λnij)
gives
GF =
{(
e2pii(λ1i1 t1+λ1i2 t2+···+λ1il tl), . . . , e2pii(λni1 t1+λni2 t2+···+λnil tl)
) ∈ T n}
where ti ∈ R, i = 1, 2, . . . , l. Finally, let p ∈ P n and F (p) be the unique face with p in
its relative interior. Define an equivalence relation ∼λ on T n × P n by (g, p) ∼λ (h, q) if
and only if p = q and g−1h ∈ GF (p) ∼= T l. Then
(2.2) M2n ∼= M2n(λ) = T n × P n/∼λ
is a smooth, closed, connected, 2n-dimensional manifold with T n action induced by left
translation [6, page 423]. A projection pi : M2n → P n onto the polytope is induced from
the projection T n× P n → P n.
Remark. In the cases when M2n is a projective non-singular toric variety, P n and λ
encode topologically the information in the defining fan, [5, Chapter 5].
Let KP denote the simplicial complex dual to the boundary of simple polytope P
n hav-
ing m facets. Recall that the duality here is in the sense that the facets of P n correspond
to the vertices of KP . A set of vertices in KP is a simplex if and only if the corresponding
facets in P n all intersect. Davis and Januszkiewicz constructed a second space in [6],
which came to be known as a moment-angle manifold , by
(2.3) Z ' Tm × P n/∼
where here ∼ does not involve the characteristic λ but the combinatorics of the simplicial
complex KP only. Here also, the circles in T
m are indexed by the facets of P n. The
equivalence relation ∼ is defined by analogy with that of (2.2). Specifically, λ in (2.1) is
replaced by
(2.4) θ : F −→ Zm
where θ(Fi) = ei ∈ Zm.
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Constructions (2.3) and (2.2) are related by a quotient map given by the free action of
kerλ on Z
(2.5) Tm × P n/∼ −→ (Tm × P n/∼)/kerλ ∼= T n × P n/∼λ
as described in [5, Section 6.1].
3. Modifying the equivalence relations
As above, let P n be simple polytope. The construction of (2.3) is generalized easily by
first replacing each of the circles in Tm by spaces X1, X2, . . . , Xm, indexed by the facets
of P n.
Construction 3.1. Define an equivalence relation ∼1 on the Cartesian product
X1 ×X2 × · · · ×Xm × P n
as follows:
(x1, x2, . . . , xm, p) ∼1 (y1, y2, . . . , ym, q)
if and only if:
(a) p = q and
(b) when p is in the relative interior of the face F (p) = Fj1 ∩ Fj2 ∩ · · ·Fjk given as the
intersection of the k facets which are complementary to {Fi1 , Fi2 , . . . , Fim−k}, then
xis = yis for all s ∈ {1, 2, . . . ,m− k}.
Equivalence classes of points in (X1×X2×· · ·×Xm)×P n
/∼1 are denoted by the symbol[
(x1, x2, . . . , xm, p)
]
1
.
Suppose now that S1 acts freely on the spaces X1, X2, . . . , Xm, giving an action of T
m
on X1 × X2 × · · · × Xm in the obvious way. Recall that the function θ of (2.4) indexes
the “coordinate” circles in Tm by the facets of P n. Also, each space Xi is associated with
the facet Fi, So, an intersection of k facets in P
n determines a projection Tm −→ Tm−k
and, by this projection, Tm acts on the product Xi1 ×Xi2 × · · · ×Xim−k .
Next, let λ be a characteristic map specified for the polytope P n. Then
kerλ ∼= Tm−n ⊂ Tm.
For k ≤ n, there is the induced action of kerλ ⊂ Tm on the product
Xi1 ×Xi2 × · · · ×Xim−k
A GENERALIZATION OF THE DAVIS-JANUSZKIEWICZ CONSTRUCTION . . . 6
and a projection
(3.1) pii1,i2,...,im−k : X1 ×X2 × · · · ×Xm
/
kerλ −→ Xi1 × Xi2 × · · · × Xim−k
/
kerλ
corresponding to each intersection of k facets.
Equivalence classes of points in X1 × X2 × · · · × Xm
/
kerλ are denoted by the symbol
[x1, x2, . . . , xm]λ. The next Construction generalizes that of (2.2).
Construction 3.2. Define an equivalence relation ∼2 on the Cartesian product(
X1 ×X2 × · · · ×Xm
/
kerλ
)× Pn
as follows: (
[x1, x2, . . . , xm]λ, p
) ∼2 ([y1, y2, . . . , ym]λ, q)
if and only if:
(i) p = q
(ii) when p is in the relative interior of the face F (p) = Fj1 ∩ Fj2 ∩ · · ·Fjk given as the
intersection of the k facets which are complementary to {Fi1 , Fi2 , . . . , Fim−k}, then
pii1,i2,...,im−k([x1, x2, . . . , xm]λ) = pii1,i2,...,im−k([y1, y2, . . . , ym]λ).
Equivalence classes of points in
(
X1 × X2 × · · · × Xm
/
kerλ
) × P n/∼2 are denoted by
the symbol
[
([x1, x2, . . . , xm]λ, p)
]
2
.
Construction 3.2 can be reinterpreted as follows. The group kerλ acts on the space
(X1 ×X2 × · · · ×Xm)× P n
/∼1 by
t · [(x1, x2, . . . , xm, p)]1 = [t · (x1, x2, . . . , xm), p)]1.
Property (b) in Construction 3.1 ensures that the action is well defined. The next lemma,
the analogue of (2.5), follows naturally.
Lemma 3.3. There is a homeomorphism
h :
(
X1×X2×· · ·×Xm
/
kerλ
)×P n/∼2 −→ ((X1×X2×· · ·×Xm)×P n/∼1 )/kerλ
given by
h
([
([x1, x2, . . . , xm]λ, p)
]
2
)
=
[
[(x1, x2, . . . , xm, p)]1
]
λ
.
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Proof. To see that h is well defined, suppose[
([x1, x2, . . . , xm]λ, p)
]
2
=
[
([y1, y2, . . . , ym]λ, p)
]
2
with p is in the relative interior of the face F (p) = Fj1∩Fj2∩· · ·Fjk given as the intersection
of the k facets which are complementary to {Fi1 , Fi2 , . . . , Fim−k}, as in Construction 3.2.
Then, pii1,i2,...,im−k([x1, x2, . . . , xm]) = pii1,i2,...,im−k([y1, y2, . . . , ym]) and hence,
t · (xi1 , xi2 , . . . , xim−k) = (yi1 , yi2 , . . . , yim−k)
for some t ∈ kerλ. It follows now from Construction 3.1 that[
([x1, x2, . . . , xm]λ, p)
]
2
=
[
([y1, y2, . . . , ym]λ, p)
]
2
as required.
To check that h is an injection, suppose that
h
([
([x1, x2, . . . , xm]λ, p)
]
2
)
= h
([
([y1, y2, . . . , ym]λ, p)
]
2
)
.
Then t ∈ kerλ exists so that
t · [(x1, x2, . . . , xm, p)]1 = [t · (x1, x2, . . . , xm), p)]1 = [(y1, y2, . . . , ym, p)]1.
Next, write t · (x1, x2, . . . , xm) = (u1, u2, . . . , um). Since p is in the relative interior of the
face F (p) = Fj1 ∩ Fj2 ∩ · · ·Fjk , it follows that
uis = yis for all s ∈ {1, 2, . . . ,m− k}
corresponding to the complementary facets. It follows that
pii1,i2,...,im−k([x1, x2, . . . , xm]λ) = pii1,i2,...,im−k([y1, y2, . . . , ym]λ)
and hence [
([x1, x2, . . . , xm]λ, p)
]
2
=
[
([y1, y2, . . . , ym]λ, p)
]
2
.
It is easy now to see that h is a homeomorphism. 
4. Interpreting the generalizations in the Buchstaber–Panov formalism
Construction (2.3) can be analyzed locally. In the neighbourhood of a vertex vi, a
simple polytope P n looks like Rn+.
A GENERALIZATION OF THE DAVIS-JANUSZKIEWICZ CONSTRUCTION . . . 8
vi
Rn+
The polytope can be given a cubical structure as in [5, Construction 5.8 and Lemma 6.6].
The cube In, anchored by the vertex vi, sits inside the copy of Rn+ obtained by deleting
all faces of P n which do not contain vi.
Locally, Tm × P n is
(4.1) Tm × In ∼= (S1 × I)n × (S1)m−n
Recall that all the circles in Tm are indexed by the facets of the polytope so here, the
order of the factors is confused . The factors S1 which are paired with a copy of I are
those corresponding to the facets of P n which meet at vi. The effect of the equivalence
relation ∼ in Tm × In/∼, (2.3), is to convert every S1 × I on the right hand side of
(4.1) into a disc by collapsing S1 × {0} to a point. So
(4.2) Tm × I/∼ ∼= (D2)n × (S1)m−n.
The vertices of P n correspond the maximal simplices of the simplicial complex KP so,
assembling the blocks (4.2) gives the moment-angle manifold
Z = Tm × P n/∼ ∼= Z(KP ; (D2, S1)).
As described in [6] and [5], the map λ determines a subtorus kerλ = Tm−n ⊂ Tm and a
commutative diagram of quotient maps
(4.3)
Tm × P n/∼ −−−→ T n × P n/∼λy∼= y∼=
Z(KP ; (D
2, S1)) −−−→ Z(KP ; (D2, S1))
/
kerλ.
The construction above is generalized easily by replacing each of the circles in Tm by
spaces X1, X2, . . . , Xm indexed by the facets of P
n. Again, locally in the neighbourhood
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of a vertex vi, at which facets Fi1 , Fi2 , . . . , Fin meet, X1 ×X2 × · · · ×Xm × P n is
X1 ×X2× · · · ×Xm × In
= (Xi1 ×Xi2 × · · · ×Xin × In) × Xin+1 ×Xin+2 × · · · ×Xim
= (Xi1 × I)× (Xi2 × I)× · · · × (Xin × I) × Xin+1 ×Xin+2 × · · · ×Xim
As everything in the Cartesian product is indexed by the facets of the polytope, the order
of the factors here has been shuffled naturally. Finally, the equivalence relation ∼1 on
(X1 ×X2 × · · · ×Xm)× In
converts every Xik × I into CXik . in a natural way. So,
(X1 ×X2× · · · ×Xm)× In
/∼1
∼= CXi1 × CXi2 × · · · × CXin × (Xin+1 ×Xin+2 × · · · ×Xim)
Assembling over all the vertices of P n along the common intersection determined by the
cubical structure on P n, gives the polyhedral product
Z
(
KP ;
(
CXi, Xi
)) ⊆ CX1 × CX2 × · · · × CXm.
just as in the case Xi = S
1 for standard moment-angle complexes, [5, Section 6.1].
A choice of cubical structure for the simple polytope P n allows a choice of homeomor-
phism
(4.4) α : X1 ×X2 × · · · ×Xm × P n
/∼1 −→ Z(KP ; (CX, X)).
The fact that S1 acts (freely) on Xi is now used again. Xi. The action extends
to CXi by preserving the cone parameter. Consequently, there is an action of T
m on
CX1 × CX2 × · · · × CXm which extends to
Z
(
KP ;
(
CX, X
)) ⊆ CX1 × CX2 × · · · × CXm.
In exactly the same way as it does for the case of kerλ acting on Z(KP ; (D
2, S1)), the
regularity condition on the characteristic map λ, (Section 2), ensures that kerλ ⊂ Tm
acts freely on Z
(
KP ;
(
CX, X
))
.
Remark. With respect to this action of kerλ, the homeomorphism α above, is equivariant
and induces a homeomorphism of orbit spaces
α :
(
(X1 ×X2 × · · · ×Xm)× P n
/∼1 )/kerλ −→ Z(KP ; (CX, X))/kerλ.
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The next theorem is the analogue of (4.3).
Theorem 4.1. The diagram following commutes
(4.5)
X1 ×X2 × · · · ×Xm × P n
/∼1 β−−−→ (X1 ×X2 × · · · ×Xm/kerλ)× P n/∼2
α
y∼= γy∼=
Z
(
KP ; (CX, X)
) δ−−−→ Z(KP ; (CX, X))/kerλ
where the map β is the composite of the quotient map(
(X1 ×X2 × · · · ×Xm)× P n
/∼1 ) −→ ((X1 ×X2 × · · · ×Xm)× P n/∼1 )/kerλ
with the map h−1 of Lemma 3.3, and γ is the composite α ◦ h−1.
Proof. The homeomorphism h can be used to replace the space in the top right hand corner
with the space
(
(X1 ×X2 × · · · ×Xm)× P n
/∼1 )/kerλ. This gives a new commutative
diagram by the equivariance of the homeomorphism α. The maps β and δ are defined in
terms of the map h−1 and so the diagram commutes as given. 
The next remark confirms that the original Davis-Januszkiewicz constructions are pre-
served.
Remark 4.2. For the case Xi = S
1 and S1 acting on itself in the usual way, Constructions
3.1 and 3.2 agree with those of (2.3) and (2.2).
5. Application to the construction of infinite families of toric
manifolds
5.1. The case of odd spheres. The first application is to the infinite families of toric
manifolds constructed in [4] and summarized briefly below.
Let K be a simplicial complex of dimension n − 1 on vertices {v1, v2, . . . , vm}. Given
a sequence of positive integers J = (j1, j2, . . . , jm), define a new simplicial complex K(J)
on new vertices {
v11, . . . , v1j1 , v21, . . . , v2j2 , . . . , vm1, . . . , vmjm
}
,
with the property that {
vi11, . . . , vi1ji1 , . . . , vik1, . . . , vikjik
}
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is a minimal non-face of K(J) if and only if {vi1 , . . . , vik} is a minimal non-face of K.
Moreover, all minimal non-faces of K(J) have this form. A result of Provan and Billera,
[8, page 578], ensures that If K = KP is dual to the boundary of a simple polytope P ,
then K(J) is dual to the boundary of another simple polytope P (J). That is
(5.1) KP (J) = KP (J).
It is the case also that the polytope P (J) can be constructed directly from P in a straight-
forward way.
Let (P n, λ,M2n) specify a toric manifold as in (2.2). From this, it is possible to construct
another toric manifold
(
P (J), λ(J),M(J)
)
where the numbers m and n, from Section 2,
transform as follows.
(5.2)
 mn
m− n
 
 d(J) = j1 + j2 + · · ·+ jmd(J)−m+ n
m− n

In terms of the original characteristic map λ, the matrix specifying the characteristic map
λ(J) is given in Figure 1 below. In that figure, Iji−1 represents the the identity matrix
of size ji − 1. It is clear from the form of the matrix λ(J) and the definition of K(J),
that the Davis-Januszkiewicz cohomology calculation, [6, Theorem 4.14], expresses the
integral cohomology of M(J) in terms of the sequence J , the original matrix λ and the
combinatorics of K.
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v12 · · · v1j1
Ij1−1
0



0
0
v22 · · · v2j2
0
Ij2−1
0



0
· · ·
  
0



0
0
vm2 · · · vmjm
0
0
0
Ijm−1
0
v11 v21 · · · vm1
−1
−1



−1
0
0
0



0
−1
−1



−1
0



0
−1
−1



−1
λ
1 2 · · · m
1
2



n
Figure 1. The matrix λ(J)
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Also in [4] is an interpretation of this construction of the toric manifolds M(J) in terms
of generalized moment-angle complexes. To see this, consider the family of CW pairs
(D2J , S2J−1) =
{
(D2ji , S2ji)
}m
i=1
and the associated generalized moment-angle complex Z(KP ; (D
2J , S2J−1)). There is an
inclusion of tori Tm −→ T d(J) which includes the ith circle in Tm by the diagonal
(5.3) S1 −→ (S1)ji .
This gives and action of Tm on Z
(
KP (J); (D
2, S1))
)
. Also, via a choice of diffeomorphism
D2ji ∼= (D2)jI , there is an action of T d(j) on the moment-angle complex Z(KP ; (D2J , S2J−1)).
With this understood, there are Tm and T d(J)-equivariant diffeomorphisms
(5.4) Z(KP ; (D
2J , S2J−1)) −→ Z(KP (J); (D2, S1))
from which arises a diffeomorphism of orbit spaces
(5.5) Z(KP ; (D
2J , S2J−1))
/
kerλ −→ Z(KP (J); (D2, S1)))/ker λ(J)
which defines M(J). (Here, kerλ and ker λ(J) are isomorphic subgroups of T d(J).) The
appearance of the toric manifold M(J) as the right hand side of (5.5) is perplexing because
that space is not reflected in either the fundamental construction (2.2) or in diagram (4.3).
The matter is resolved by the diagram of Theorem 4.1 where the space appears in the
bottom right of the diagram with Xi = S
2ji−1, and CXi = D2ji ; the group S1 acts freely
on S2ji−1 in the usual way. this observation is formalized in the next theorem.
Theorem 5.1. The toric manifolds M(J), defined by either the original Davis-Januszkiewicz
construction (2.2) or equivalently, by the quotients (5.5), are examples of Construction
3.2 as follows
M(J) =
(
T d(J)−m+n × P (J))/∼λ(J) ∼= (S2j1−1 × S2j2−1 × · · · × S2jm−1/kerλ)× P n/∼2 .
Proof. This result follows immediately from the right hand side of diagram (4.5). 
Notice here that the advantage of the right hand side is the use of the (generalized) Davis-
Januszkiewicz construction with the polytope P n, which is in general much smaller than
P (J) and has simpler combinatorics.
Remark 5.2. Notice that the part of λ(J) in Figure 1 reproduced below,
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Figure 2
is essentially the (j2 − 1)× j2 matrix
(5.6)

1 0 · · · 0 −1
0 1 · · · 0 −1
· · · · · ·
· · · · · ·
0 0 · · · 1 −1

which is the characteristic matrix for the diagonal S1 action on S2j2−1. Indeed, the ith
“block row” of λ(J) is the characteristic matrix for the diagonal S1 action on S2ji−1. This
particular connection to odd spheres becomes evident in the light of Construction 3.2 but
was not obvious at the time that [4] was written. This observation becomes relevant in
the next section.
5.2. A simple illustration. The toric manifold CP 2 is made usually by the construc-
tion (2.2) using a two-simplex as the simple polytope. The diagram below illustrates
Construction 3.2 in this case. The ingredients are as follows:
(1) P n = ∆1 a one-simplex. Here n = 1 and m = 2,
(2) J = (1, 2) so that X1 = S
1 and X2 = S
3 with the usual free S1 action,
(3) the characteristic map λ : Z2 −→ Z is given by the matrix [1,−1] and kerλ ∼= T 1 sits
inside T 2 as t 7→ (t, t−1).
Remark. Here, P (J) = ∆1(1, 2) = ∆2 a two-simplex, the usual polytope used to construct
CP 2 as a toric manifold from (2.2).
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P = ∆1
(S1 × S3)/kerλ S1/kerλ = ∗
(S1 × S3)/kerλ ∼= S3
(S1 × S3)/kerλ S3/kerλ
= CP 1
CP 2 ∼= (S1 × S3/kerλ)×∆1/∼2
In the diagram, the symbol  represents the projection (3.1) which appears in part (ii)
of Construction 3.2. The diagram presents CP 2 as the cone on S3 attached to CP 1 via
the Hopf map
(S1 × S3)/kerλ pi2−→ S3/kerλ.
6. Application to iterated polyhedral products
The odd spheres of Section 5 are themselves examples of moment-angle complexes
S2ji−1 ∼= Z(K∆ji−1 ; (D2, S1))
where K∆ji−1 is the simplicial complex dual to the boundary of the simplex ∆
ji−1. Ev-
ery moment-angle complex Z
(
K; (D2, S1)
)
supports a free circle action and so it’s nat-
ural to ask about the case Xi = Z
(
Ki; (D
2, S1)
)
in Construction 3.2 for a collection
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{K1, K2, . . . , Km} of arbitrary simplicial complexes. In this case, (4.4) becomes
(6.1) (X1 ×X2 × · · · ×Xm)× P n
/∼1 ∼= Z(KP ; (CZ(Ki; (D2, S1)), Z(Ki; (D2, S1)))).
6.1. A generalization of the construction K(J). The problem of finding an analogue
of (5.4) and (5.5) now presents itself. Those diffeomorphisms follow from [4, Theorem 7.2]
which is a more general result about the behaviour of polyhedral products with respect
to “exponentiation” of CW pairs. Recent work by Anton Ayzenberg [1], generalizing this
exponentiation construction becomes relevant to understanding the problem further. A
brief description of Ayzenberg’s construction, tailored to the context here, follows.
Let K be a simplicial complex on m vertices and {K1, K2, . . . , Km} a collection of m
simplicial complexes on j1, j2, . . . , jm vertices respectively. From these ingredients, a new
simplicial complex K(K1, K2, . . . , Km), on j1 + j2 + · · ·+ jm vertices, is constructed by
(6.2) K(K1, K2, . . . , Km) =
⋃
σ∈K
Vσ ⊂ ∆j1−1 ∗∆j2−1 ∗ · · · ∗∆jm−1
where
Vσ = B1 ∗B2 ∗ · · · ∗Bm with Bi =
{
∆ji−1 if i ∈ σ
Ki if i /∈ σ.
Remark 6.1. In this language, the constructionK(J) at the beginning of subsection 5.1 is
just K
(
∂∆j1−1, ∂∆j2−1, . . . , ∂∆jm−1
)
where ∂∆ji−1 is the boundary of the (ji−1)-simplex.
For K = KP , the result analogous to (5.4) is the following.
Theorem 6.2. [1, Proposition 5.1]
Z
(
KP ;
(
(D2)ji , Z(Ki; (D
2, S1)
))
= Z
(
KP (K1, K2, . . . , Km); (D
2, S1)
)
.
The next task is to relate these spaces to the right hand side of (6.1). The following
proposition addresses this point. As usual, set d(J) = j1 + j2 + · · ·+ jm and, to simplify
the notation, set
Z(Ki) := Z(Ki; (D
2, S1)).
Proposition 6.3. There is a T d(J) -equivariant homotopy equivalence of polyhedral prod-
ucts
(6.3) Z
(
KP ;
(
CZ(Ki), Z(Ki)
)) ' Z(KP ; ((D2)ji , Z(Ki))).
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Proof. Let K be a simplicial complex on j vertices. Then If K is not the (j − 1)-simplex
∆j−1, there is simplicial embedding K −→ ∂∆j−1 into the boundary. This induces an
inclusion
(6.4) Z
(
K; (D2, S1)
) −→ Z(∂∆j−1; (D2, S1)) = ∂((D2)j) ∼= S2j−1
equivariant with respect to the action of the j-torus T j. In turn, this extends to an
equivariant homotopy equivalence on cones:
CZ
(
K; (D2, S1)
) −→ CS2j−1 ' D2j
where the action of T j preserves the cone parameter. Next, choose a standard T j– equi-
variant diffeomorphism h : D2j −→ (D2)j to get an equivariant homotopy equivalence of
CW pairs
(6.5)
(
CZ
(
K; (D2, S1)
)
, Z
(
K; (D2, S1)
)) h−→ ((D2)j, Z(K; (D2, S1))).
The functorial properties of the polyhedral product [7, Lemma 2.2.1] and an application
of (6.5) for each i = 1, 2, . . . ,m completes the proof. 
Remark. In the case that j = 4 and K is dual to the boundary of the square, the inclusion
(6.4) is
Z
(
K; (D2, S1)
)
= S3 × S3 −→ Z(∂∆3; (D2, S1)) ' S7 ( ' S3 ∗ S3)
and the corresponding homotopy equivalence of pairs is(
C(S3 × S3), S3 × S3) −→ ((D2)4, S3 × S3).
equivariant with respect to the action of T 4.
6.2. The case of moment-angle complexes. As before, let P n be a simple polytope
having m facets, equipped with a characteristic function
λ : F −→ Zn
satisfying the regularity condition following (2.1). Regarding
kerλ ↪→ Tm ↪→ T d(J)
as in (5.3) and the case of odd spheres, there is a natural free action of kerλ on both sides
of (6.3) yielding a homotopy equivalence of orbit spaces
(6.6) Z
(
KP ;
(
CZ(Ki), Z(Ki)
))/
kerλ ' Z(KP ; ((D2)ji , Z(Ki)))/kerλ.
Combining Theorems 4.5, 6.6 and (6.6) gives now the main observation of this section.
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Theorem 6.4. For a simple polytope P n, characteristic function λ and Xi = Z(Ki),
Construction 3.2 corresponds, up to homotopy, to a quotient of a moment-angle complex
by a free action of kerλ as follows:(
X1 ×X2 × · · · ×Xm
/
kerλ
)× P n/∼2 ∼= Z(KP ; (CZ(Ki), Z(Ki)))/kerλ
' Z(KP ; ((D2)ji , Z(Ki))/kerλ
∼= Z(KP (K1, K2, . . . , Km); (D2, S1))/kerλ.
It should be noted that in general, the space Z
(
KP (K1, K2, . . . , Km); (D
2, S1)
)/
kerλ
might not be a manifold because KP (K1, K2, . . . , Km) is dual to the boundary of a simple
polytope only in the case that all the Ki are boundaries of simplices.
7. Further generalizations
Away from the diagonal circle action, the situation becomes a little more complicated.
Ayzenberg’s construction [1], can be done in the realm of polytopes. In particular, given a
simple polytope P n having m facets and a sequence of simple polytopes {P1, P2, . . . , Pm}
where Pi = P
ni
i is a simple polytope of dimension ni having ji facets, the construction
yields a new polytope
P n −→ P n(P1, P2, . . . , Pm).
Though the new polytope is not simple when the Pi differ from simplices, it does retain
some nice properties. A simplicial complex KP (P1,P2,...,Pm) is associated to it as the nerve
complex . On the level of simplicial complexes, the construction is written
KP −→ KP (KP1 , KP2 , . . . , KPm)
as in (6.2). As expected, it is shown in [1] that
KP (P1,P2,...,Pm) = KP (KP1 , KP2 , . . . , KPm).
Under this operation, the numbers m and n transform by the analogue of (5.2):
(7.1)
 mn
m− n
 
 d(J) = j1 + j2 + · · ·+ jmn+N
d(J)− n−N

where N = n1 + n2 + · · ·+ nm. Notice that (7.1) reduces to (5.2) for the case Pi = ∆ji−1.
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7.1. A full torus action. For each i = 1,2,. . . ,m, let
λi : Zji −→ Zni
be a characteristic function on Pi. It has kerλi ∼= T ji−ni which acts freely on Z
(
KPi ; (D
2, S1)
)
.
The next step is to mimic the construction of λ(J) in section 5.1. To this end, denote
by λi the first ji − 1 columns of the (ni × ji)–matrix (λlki ) corresponding to λi. The last
column of (λlki ) is
(7.2)

λ1jii
λ2jii
·
·
·
λnijii

Entirely by analogy with the case of odd spheres in section 5.1, in particular Remark 5.2,
the matrices λ, λ1, λ2, . . . , λm are used to construct an
(
(n+N)× d(J))–matrix λ(J,N),
shown in Figure 3, which defines a map
λ(J,N) : Zd(J) −→ Zn+N .
The characteristic matrix corresponding to the diagonal S1 action on the odd sphere
S2ji−1 which appears in (5.6), is replaced by λi which has has kerλi ∼= T ji−ni acting
freely on Z
(
KPi ; (D
2, S1)
)
. The blocks Iji−1 in Figure 1 are replaced by λi and the last
columns of “−1”, by (7.2).
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λ1
0



0
0
0
λ2
0



0
  
0



0
0
0
0
0
λm
0
λ1j11
λ2j11


λn1j11
0
0
0



0
λ1j22
λ2j22


λn2j22
0



0
λ1jmm
λ2jmm


λnmjmm
λ
1 2 · · · m
1
2



n
Figure 3. The matrix λ(N, J)
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7.2. The rank of the matrix λ(J,N). The matrix corresponding to λ is a characteristic
matrix and so can be written in refined block form as:
λ = In
∣∣S
where In is the n× n-identity matrix and S is of size n× (m− n). Similarly, the matrix
corresponding to λi can be written in the block form as
Ini
∣∣Si
where Ini is the ni×ni-identity matrix and Si is of size ni×(ji−1−ni). This observation
allows the conclusion that the row rank of λ(J,N) is N + n and the next proposition
follows.
Proposition 7.1. The row rank of the matrix λ(J,N) is N + n and so
kerλ(J,N) ∼= T d(J)−N−n.
7.3. A new toric space construction. The inclusion kerλ(J,N) −→ T d(J) gives an
action of kerλ(J,N) on the the T d(J)-equivariantly homotopy equivalent spaces
Z
(
KP ;
(
CZ(KPi), Z(KPi)
)) ' Z(KP ; ((D2)ji , Z(KPi))).
In this context of simple polytopes, Theorem 6.2 gives
Z
(
KP ;
(
(D2)ji , Z(KPi)
))
= Z
(
KP (P1,P2,...,Pm); (D
2, S1)
)
.
The next theorem follows from the assembly of this information.
Theorem 7.2. There is a homotopy equivalence of orbit spaces
Z
(
KP ;
(
CZ(KPi), Z(KPi)
))/
kerλ(J,N) ' Z(KP (P1,P2,...,Pm); (D2, S1))/kerλ(J,N)
where KP (P1,P2) is the nerve complex of the d(J)–faceted, (n+N)–dimensional polytope
P (P1, P2, . . . , Pm) and kerλ(J,N) is isomorphic to a torus of dimension d(J)− (n+N).
Remark. In a natural way, the form of the matrix λ(J,N) indicates that
Q = kerλ1 ⊕ kerλ2 ⊕ · · · ⊕ kerλm
can be considered as a (d(J)−N)-dimensional subspace of Zd(J). Work in progress by the
authors has, among other things, the goal of characterizing the cases when kerλ(J,N) is
an (d(J) − N − n)-dimensional subspace of Q. In particular, this would imply that the
action in Theorem 7.2 is free. There would follow a natural generalization of Construction
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3.2 in which the free S1 action of Xi is replaced with a free T
ji−ni action on each Xi. In
the case above, Xi = Z(KP1) with kerλi
∼= T ji−ni acting freely. The group kerλ(J,N)
acts on Z(KP1)×Z(KP2)×· · ·×Z(KPm) via the inclusion kerλ(J,N) −→ T d(J). So, with
very little change in the definitions, the left hand side of the equivalence in Theorem 7.2
would be identified as(
Z(KP1)× Z(KP2)× · · · × Z(KPm)
/
kerλ(J,N)
)× P n/∼2 .
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